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1. INTRODUCTION

1.1. Basic Ideas. We suppose that we wish to solve some particular partial differential
equation, which we write in the abstract form

Alu] = 0. (1.1)

In this above equation, A[-] denotes a given, possibly nonlinear partial differential opera-
tor and u is the unknown. Recall that there is of course no general theory for solving all
such PDE.

The calculus of variations identifies an important class of such nonlinear problems that
may be solved using relatively simple techniques from nonlinear functional analysis. We
call this class of problems the variational problems, that is, PDE of the form ,wWhere the
nonlinear differential operator A[-| is the “derivative" of some appropriate energy func-
tional I[-]. Symbolically, we write

Al = I'T. (1.2)
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The Calculus of Variations 1 — Introduction

Then problem (ﬁ‘ll%comes
I'lu] = 0. (1.3)

The idea of the formylation in @ll_s%hat we can now recognize solutions of the (possibly
nonlinear) PDE as being critical points of /[-]. In certain circumstances, these critical
points may be relatively easy to find: if, for instance, the functional /[-] has a minimum at
u, then presumably olds and thus u is a solution of the eriginal PDE (@._The idea
is that on the one hand, it is usually extremely difficult to solve irectly. On the other, it may
be much easier to discover minimizers (or other critical points) of the functional I|-].

Additionally, many of the laws of physics and other scientific disciplines arise directly
as variational principles.

1.2. First Variation, Euler-Lagrange Equation. Let (2 C R" be a bounded, open set with
C*> boundary 9.

Definition 1.1 (Lagrangian). The Lagrangian is a C*(Q x R x R™, R) function,
L:OxRxR"

We will write
L=L(z,z,p) = L(x1,...,Tn, 2,01, -, Pn)
forx € Q, z € R, and p € R™. Here “2" is the variable for which we substitute w(x) below,
and “p" is the variable for which we substitute Dw(z). We also set

<mL:(8g“.ﬁm>=@m“qu

% ) Oxp

D.L:=£L=1L,,
D,L = (8‘LP.. 2 L)zz(Lm,“.,L@).

8_pl > Opn,

We now assume that the energy functional in @—P%as the explicit form
Iw] == / L(z,w(x), Dw(z)) dz, (1.4)
Q

for all smooth functions w : Q — R satisfying some given boundary condition, say,
w|ag =4d. (15)

We now additionally assume that some particular smooth function u : {2 — R, satisfy-
ing the boundary condition =, is a minimizer of /] among all functions w satisfy-
ing the boundary condition :il % ). We will show that this function u is then automatically
a solution of a certain nonlinear PDE, called the Euler-Lagrange Equation.

To prove this, choose any smooth function ¢ € C>(€2) and consider the real-valued
function

i(r) =Iu+71¢], T€R (1.6)
We call the term 7¢ the variation of the function .

Since w is a minimizer of /[-] and u+ 7¢ = u = g on 0f2 (because ¢ has compact support

on (2), we observe that i(-) has a minimum at 7 = 0. Therefore

i'(0) = 0. (1.7)

2
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Computing this first derivative explicitly by writing out
i(t) = / L(x,u+ 7¢, Du+ 7D¢) dz, (1.8) |{eq:1-8}
Q

we have by the chain rule and differentiation under the integral sign

i'(1) = d%‘ [/Q L(x,u+ 17¢, Du+ 17D¢) dx}

= / 9 [L(z,u+ 7¢, Du+ 7D¢)] dz
glaT
= / L.(x,u+ 7¢, Du+ 7D)p + Z L, (x,u+71¢, Du+ 1D@)d,, dx.
Q i=1
:1-8
Definition 1.2 (First Variation). The derivative i'(1) of i(7) as defined in @,—Fﬁat is,

/() = - fu+ 7],
is called the first variation of the functional I-].

[.
We note here that the first variation of /-] is recognizable as the Gateaux derivative of
IL] -1-7
Letting 7 = 0, we see from (ﬁﬁd the assumption that  is a minimizer of [-] that

0=14(0)= / L.(x,u, Du)p + Z L, (x,u, Du)¢,, dx.
@ i=1
Since ¢ has compact support in €2, integration by parts on the second term gives

n

0=14(0)= /QLZ(L u, Du)¢ — z:(Lpi(x7 u, Du)),, ¢ dx + Z Ly, (z,u, Du)¢v' dS

i=1 o0 1

3

= /Q [Lz(m,u, Du) — Z(Lpi (x,u, Du))xl] ¢ dr,

=1

where v = (v!,...,v") as usual denotes the outward pointing unit normal vector field

along 092. Since this equality holds for all text functions ¢ € C°(2), we conclude that u
solves the (possibly) nonlinear PDE

L.(z,u, Du) — Z(Lpi(:uu, Du)),, =0 on. (1.9) |{eq:1-9}
i=1
. . . 11-4
Definition 1.3 (Euler-Lagrange Equation). For the energy functional I[-] as defined in @,7
the equation

n

L.(xz,u, Du) — Z(Lpi (x,u, Du)),, =0 on
i=1

is called the Euler-Lagrange equation associated with I-].

3
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:1-9
We observe that the Euler-Lagrange equation is a quasilinear, second—order PDE

in divergence form.

In summary, any smooth minimizer u of /[-] is a solution of the Euler-Lagrange equa-
tion. Conversely, we can try to find a solution of the Eyler-Lagrange PDE ('l %5 by finding
minimizers of the energy functional /[-] as defined in .

Example 1.1 (Dirichlet’s Principle). Put

1
L(.T, Z,p) = §|p|2

Then Ly, (x,z,p) = pi, i = 1,...,nand L,(x,z,p) = 0. Thus the Euler—-Lagrange equation
associated with the functional

1
Iw] = —/ |Dw|* do = / L(z,w, Dw) dz
2 Ja Q
is
Au=0 on{Q.
This is Dirichlet’s principle.
Example 1.2. Sometimes we wish to convert a given PDE into a variational problem, that is, to
recover a Lagrangian from a given PDE. Motivated by the previous example, consider the Lapla-
cian
Au=0 on.

Thus we want to define a function L such that

n

0 = Aw - Lz(x7w7Dw> - Z(Lpi(x7w7 ‘Dw))mz

=1

We “gquess” that

n

Z(Lpi(x,w, Dw)),, = Aw.

=1

Taking (L, (z, w, Dw)),, = 02 w and integrating with respect to x;, we have
L, (z,w, Dw) = 0pw+ C(z1, ..., i1, Tit1, ..., Tn).
Thus we have

Z L, (z,w, Dw) = divw.
i=1
Now taking L, (x,w, Dw) := 0,,w and integrating with respect to 0w, it follows

1
L(z,w, Dw) = 5(5’%10)2 + C(0pw, ..., 08 W,0p,,w,...,0;,w).

Hence,
1
L(z,w, Dw) = ilDwP,

which is the Lagrangian from the previous example.

4
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Example 1.3 (Generalized Dirichlet’s Principle). Take

n

L(z,z,p) = E Z aij(x)pz‘pj — zf(x),

2 £
2,7=1
where a”’ = a’,i,5 =1,...,n. Then
Lpi(x,z,p) = Ezza]pj = Za]pj’
j=1 i=1 J=1

j=1,...,n,so that

and

Thus the Euler-Lagrange equation associated with the functional

/ Z aiijiwm]. —wfdx

i,j=1
is the divergence structure linear equation

—Za Uy, Jo; = [ on €.

We will see later that the uniform ellipticity condition on the a”, 4,5 = 1,...,nis a
natural further assumption required to prove the existence of a minimizer. Consequently
from the nonlinear viewpoint of the calculus of variations, the divergence structure form
of a linear second—order elliptic PDE is completely natural.

Example 1.4 (Nonlinear Poisson Equation) Assume that we are given a smooth function f :
R — R, and define its antiderivative F(z) := [ f(§) d. Take

L(ZE,ZJ)) = §|p|2 - F(Z)

Then Ly, (z,z,p) = pi,i = 1,...,n,s0that (L, (x,2,D))z; = Ou,piyi = 1,...,n,and L,(x,z,p) =
— f(2). Thus the Euler—Lagrange equation associated with the functional

Iw] := /Q %|Dw|2 — F(w) dx
is the nonlinear Poisson equation
—Au = f(u) onfd
Example 1.5 (Minimal Surfaces). Put
L(z,zp) == (1+ |p]*)'",
so that
Tw] = /(1 +|Dwl?)V2 da
Q

5
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is the area of the graph of the function w : 2 — R. We compute

Di
(14 |p%)/2’

i=1,...,n,and L,(z, z,p) = 0, so that the associated Euler—Lagrange equation is

n Us, B

=1

1
Ly,(x,2,p) = 5 (1 + Ip[*)'/2 - 2p; =

This PDE is called the minimal surface equation. The expression

di Du
W\ 55
(1+ [Duf?)'/2
4-10 . .
on the LHS of (ﬁ is n times the mean curvature of u. Thus a minimal surface has zero mean
curvature.

1.3. Second Variation. We continue the calculations from §1.2 by computing the second
variation of the functional I[-] at the function w. This we find by observing that since u
gives a minimum for /[-|, we must have

i"(0) > 0,
:1-6
where ¢ is defined as above by @._Kecall from that the first variation of /[-] is given by
i(r) = / L.(x,u+7¢, Du+70)p+ Y Ly (,u+ 76, Du+T7D0)d,, dz.
@ i=1

Calculating the second derivative explicitly, once again by applying the chain rule and
differentiation under the integral sign, we find

i"(1) = diT [/Q L.(z,u+71d, Du+71P)p+ Zzn; L, (z,u+71¢, Du+ TD®) by, dx
= 3 (o4 0 D D]+ 3 b 70D D]

_ / L..(w,u+ 76, Du+7DE)¢* + 3 Loy (w,u+ 76, Du+ D)oo, +
Q i=1

> Lp(w,u+ 70, Dut7DG)bad+ Y > Ly (@, u+ 76, Du+ 7DY) by, by, du
i=1

i=1 j=1

= / L..(z,u+7¢, Du+ 7Dp)p* + 2 Z L,.(x,u+7¢, Du+1D®)ds, ¢ +
Q

=1

> Ly, (@, u+ 76, Du+ DY)y, b0, da.

.3

{eq:1-10}
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:1-8
Definition 1.4 (Second Variation). The second derivative i" (1) of i(7) as defined in @Tf‘h‘at
s,

2

/1 0
P(r) = ogllu+ 76),
is called the second variation of the functional I]-].

Again now letting 7 = 0, we obtain the inequality

0<i"(0) = / L..(z,u, Du)¢* + 22 Ly, (x,u, Du)gy, ¢ + Z Ly, (2,0, D)y, ¢r; da.
Q i=1 ij=1
(1.11) |{eg:1-11}
This holds for all test functions ¢ € C°(€2). 11
We can extract useful information from the inequality d%ﬁ . as follows. First, note that
after a standard approximation argument that the estimate (L. TTyis valid for any Lipschitz
continuous function ¢ vanishing on J€2. This is because for an open, bounded set {2 C R"
with 9Q € C!, Lip(Q, R) = WH>(Q). We then fix £ € R" and define

v(z) == €p (ﬁ_x) ((x), ze€Q, (1.12) |{eq:1-12}
€
where ¢ € C°(Q2) and p : R — R is the “periodic triangular function" defined by
_fo 0zasl _
p(z) = {1_% Loa<t, plz+1) =p(x), zeR.
Note that
=1 L'—ae. (1.13) |{eq:1-13}

Observe further that by the chain rule,
/ 5
o) = (£ ) oo (£7) ot

(S5 )+ 0@, e

since |p(z)| < 1forall z € R and max,cq |(,; (z)] < +oo because ¢ € C°(£2). Similarly, note
also that
v(z) =0(e), €—0.
1-12 1711
Thus, substituting v (cf. (ﬁ“)‘ﬁto the estimate (L.11) yields

0< / Z Ly, (,u, Du)(p')?&&,¢% + O(e) da.

2,7=1

:1-13
Recalling dﬁﬁd taking the limit as ¢ — 0, we obtain the inequality

0< / Z Ly, (2, u, Du)&:&;¢? da.

2,j=1
Since this estimate holds for all { € C°(12), it follows

> Ly, (x,u,Du)é; >0, EER", zeQ. (1.14) [{eq:1-14}

ij=1
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We will see later that this necessary condition suggests the assumption that the Lagrangian
L is convex in its third argument, which is required for the existence theory.

1.4. Systems.

1.4.1. Euler-Langrange Equations. The previous considerations generalize easily to the case
of systems. Recall that R™*" denotes the space of real m x n matrices. Assume that the
smooth Lagrangian

L:QOxR™xR™" - R
is given.
We will write
L=1L(zz2P)=L(xy,...,0,2" ..., 2" p1,...,p")
forz € Q,z € R™ and P € R™*" where

P = .
R
We are employing superscripts to denote rows, as this notational convention simplifies

the following formulas.
We associate with L the functional

Iw] ::/L(:v,w(a:),Dw(x)) dz, (1.15)
Q
defined for smooth functions w : Q@ — R™ w = (w',...,w™), satisfying some given
boundary condition
w|8Q =9,

where g : 02 — R™. Note here that

wy, () E)
Dw(z) =

is the gradient matrix of w at .

We proceed as we did in the previous sections and show that any smooth minimizer
u = (u',...,u™) of I'], given now by ([.I5), taking among all functions satisfying the
boundary condition w|sn = g, must solve a certain system of nonlinear PDEs. We therefore
fix a function ¢ = (¢!, ..., ¢™) € C>°(Q,R™) and write

i(1) == Iu+ 7).

As before,
i'(0) = 0.
Calculating the first variation explicitly, we find

(1) = d%— {/QL(%W‘FTQDW‘FTD@ dl’} —/Q%[L(m,w—l—rgb,Dw—l—Tqu)] dx

8
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- / Z Lo (z,w + 76, Dw + D) " + Z Z Ly (z,w+7¢, Dw + 7D¢)¢ du.
Qe i=1 k=1 '
Setting 7 = 0, we derive the equality
0=i"(0)= | > Lu(w,u,Du)¢" +> " L(x,u, Du), du.
2 k=1 i=1 k=1
Integrating by parts, we have
0=i'(0)= [ > Lu(w,u, Du)¢" = > (L,(x,u, Du)),,¢" do
Q=1 i1 k=1
holding for all test functions ¢ € C°(£2, R™). Thus we conclude that u solves the coupled,
quasilinear system of PDE

sz(x,u,Du)—Z(Lpf(x,u,Du)> =0 onQ, k=1,...,m. (1.16) |{eqg:1-16}

i=1 o
:1-15
Definition 1.5 (Euler-Lagrange Equations). For the energy functional I[-] as defined in ﬁ ,

the equations

n

sz(a:,u,Du)—Z(ka(x,u,Du)> —0 on®Q, k=1,....m,

X T4
=1

are called the Euler-Lagrange equations associated with I[-].

1.4.2. Null Lagrangians. It turns out to be interesting to study certain systems of nonlinear
PDEs for which every smooth function is a solution.

Definition 1.6 (Null Lagrangian). The function L : Q x R™ x R™" — R is called a null
Lagrangian if the system of Euler—Lagrange equations

=0 on{, k=1,...,m, (117) |{eq:1-17}

X5

Lk (z,u, Du) — i (Lpf (z,u, Du))

=1
is solved by all smooth functions u : 0 — R™.

The importance of null Lagrangians is that the corresponding energy functional
Iw] = / L(z,w, Dw) dx
Q
depends only on the boundary conditions.

Theorem 1.1 (Null Lagrangians and Boundary Conditions). Let L :  x R™ x R™" — R
be a null Lagrangian. Assume that u,u € C?(Q, R™) are two functions such that

u=u onof. (1.18) |{eqg:1-18}
Iu] = I[u]. (1.19) |{eq:1-19}

Then
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Proof. Define

i(r) =Iru+ (1—7)], 7e€l0,1].
Note that 7u + (1 — 7)a € C*(Q,R™), and thus satisfies the system of Euler-Lagrange
equations

Lo (2, Tut(1—7%), TDu+(1—T)Da)—i (Lpf (2,74 + (1 — 78), 7Du + (1 — T)Da)) —0

i=1 i

on (), k=1,...,m. Therefore,

Zsz z,7u + (1 — 1), 7Du + (1 — 7)Du)(u* — ") +
k=1

n m

> ZLP5 x,7u+ (1 —7a),7Du + (1 — 7)Du)(uf, — @ ) do.

T
i=1 k=1
Integrating by parts on the second term, we obtain

/Zsz 7w+ (1 78), 7Du + (1 — 7) D) (ub — i) —

k=1

Z Z <Lp§ (2, 7u + (1 — 79), 7Du + (1 — T)Da)) (uF — T da +

i=1 k=1 i

3

m

/ > Ly(wrut (1= rw), rDu+ (1 7)Di)(u’ — i)' dS
on

=1 k=1

Z/ Loo(z, 7u+ (1 — 78), 7Du + (1 — 7)D&) —
k=179

(u* — ") do +

HMS

(L r(z, e+ (1 — Tu), TDu+(1—T)D'lNL)>

/@QZZLk z,7u+ (1 — 1), 7Du + (1 — 7)Du)(u* — a*)v' dS

i=1 k=1
:O7

-18 ~
where the last equality holds by the assumption (ﬁ ) and the fact that 7u + (1 — )u solves

the system of Euler-Lagrange equations. Thus identity I 19‘ follows by observing
Tu] =i(1) =i(0) = I[u].

The proof is complete. O

In the scalar case m = 1, the only null Lagrangians are the cases where L is linear in
the variable p. For the case of systems, that is, when m > 1, however, there are certain
nontrivial examples.

We explain a bit of notation for the following result. If A is an n x n matrix, we denote
by

cof A

10
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the cofactor matrix, whose (k, i)™ entry is (cof A)¥ = (=1)"**d(A)¥, where d(A)* is the

determinant of the (n — 1) x (n — 1) matrix obtained by deleting the k" row and i column
of A.

Lemma 1.1 (Divergence-Free Rows). Let uR™ — R" be a smooth function. Then

n

> (cof Du)}, =0, k=1,...,n (1.20)
i=1
Proof.
(i). From linear algebra we recall the identity
(det P)I = P¥(cof P), P € R™", (1.21)
that is,
(det P)é. sz COfP], i,j=1,...,n. (1.22)
Thus in particular
Oy, det P (cof P)F . kym=1,. (1.23)
(ii). Now set P = Du in _cl’fferentlate with respect to z;, and sumj=1,...,n,to
find
Z 6 (cof Du)*, xmm Z Uy, (O Du us (cof Du)]x :
7,k,m=1 k,j=1

for i = 1,...,n. This identity simplifies to

Zu (Z cofDu);xj) =0, i=1,...,n. (1.24)

7j=1

(iii). Now if det Du(xq) # 0, we deduce from (ﬁ%t

Z(cofDu)iwj =0, k=1,...,n

j=1
at xo. If instead det Du(x() = 0, we choose a number ¢ > 0 so small that det(Du(x¢)+€l) #
0, apply steps (i) and (ii) to u := u + ex, and send ¢ — 0. The proof is complete. O]

Theorem 1.2 (Determinants as Null Lagrangians). The determinant function
L(P)=detP, P eR"™",

is a null Lagrangian.

Proof. We must show that for any smooth function v : 2 — R",

i(%(m)) —0, k=1,..,n

X Zq
=1

|23 1
By @ we have L = (cof P)¥ i,k =1,...,n. But then it follows by Lemma @‘tbat

n

. L (Du = cof Du)* =0, k=1,...,n
> (Lp(Duw)) =D (cof Du)t,, =0, o,

i=1 L=l
as required. The proof is complete. O

11
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1.4.3. Application. A nice application is an analytic proof of Brouwer’s Fixed Point Theo-
rem.

Theorem 1.3 (Brouwer’s Fixed Point Theorem). Assume that
u: B(0,1) —» B(0,1)

is continuous, where B(0, 1) denotes the open unit ball in R"™. Then u has a fixed point, that is,
there exists a point x € B(0, 1) such that

u(x) = x.
Proof. -
(i). Write B := B(0, 1). We first of all show that there does not exist a smooth function
w: B — 0B (1.25) |{eq:1-25}
such that

w(z)=x (1.26) |{eq:1-26}
forall x € 0B.

(ii). Suppose by contradiction that such a function w exists,  Denote by w the iden-
tity function on B, so that w(z) = z for all z € B. By (ﬁ w on JB. Since the
determinant is a null Lagrangian (cf. , we have by Theorem @’

/ det Dw dzx = / det Dw dx = L"(B) # 0. (1.27) |{eq:1-27}
B

B

1-25
On the other hand, @jﬁplies that jw(z)| = 1 for all z € B, so that |w|* = 1. Differenti-
ating, we find

e (Dw)"w = 0. (1.28) [{eq:1-28}

Since Jw| = 1, @ﬁplies that ( is an gjigenvalue of (Dw)” for each = € B. Therefore
ot w, = (.in B g“hls contradicts &Wd therefore no smooth function w satisfying
)and ) can exist.
(111 Ne x} we show that there does not exist any continuous function satisfying (]%
and Tuppose again that such a function w does exist. We may then continuously
extend w by setting w(x) := z if z € R™\ B. Observe thatw(x) # 0 for all z € R™. Fixe > 0
so small that w; := 7, *w satisfies w; () # 0 for all x € R™. Note also that since 7, is radial,
we have w,(z) = zif z € R" \ B(0,2), for € > 0 sufficiently small. Then

2w1

-25

=

Wy = ——
[w |
would be a smooth mapping satisfying @ 25d @ w61th the ball B(0,2) replacing
B(0,1), a contradiction to steps (i) and (ii).
(iv). Finally, suppose that u : B — B is continuous but has no fixed point. Define the
mapping w : B — 0B by setting w(z) to be the point on 0B hit by the ray emanating from
u(z) and passing through z. Note that this mapping is,  is we —defiljlgd since u(x) # x for all
x € B. Moreover, w is continuous and satisfies ) and
But this is a contradiction to step (iii). The proof is complete. O

12
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2. EXISTENCE OF MINIMIZERS

In this section we present some conditions on the Lagrangian L which ensure that the
functional /[-] will indeed have a minimizer, at least within an appropriate Sobolev space.

2.1. Coercivity, Lower Semicontinuity. We begin with some insights as to when the

functional (cf. @')7
Iw] := /QL(x,w(x),Dw(x)) dx, (2.1)

%eﬁr}e_gl for appropriate functions w : 2 — R, satisfying a given boundary condition (cf.

wlan =g, (2.2)
should have a minimizer.

2.1.1. Coercivity. We first of all note that even a smooth function f mapping R to R and
bounded below need not attain its infimum. For example, consider the functions f(z) :=
e or f(x) := (14 2?)~'. These examples suggest that we in general will need some hy-
pothesis controlling the functional /[w] for “large” functions w. The most effective way to
ensure this is to hypothesize that /[w] “grows rapidly as |w| — +o00."

To be specific, we assume that

1<qg< 400 (2.3)
is fixed. We then suppose that there exist constants a > 0 and $ > 0 such that
L(z,z,p) 2 alp|’ = B (2.4)

:2-1
forallz € €}, 2 € R, and p € R". Inserting w(z) for z and Dw(z) for p in @We have
from @‘ﬂ@refore

I[w} > O‘HDw”%q(Q) -7 (2.5)

where 7 := SL£"(€2). In this instance, we see that /[w] — +00 as || Dw||pe() — +00. This
behavior is called coercivity.

Definition 2.1 (Coercivity). The condition
Iw] > 0“|DwH%q(Q) -7
:2-5
in @707 constants o > 0 and v > 0, is called a coercivity condition on I[-].

Recall that we want to find minimizers of the functional /[-]. Observe from the inequal-
ity at so far we only suppose that Dw € L¢(Q2). Thus it seems reasonable to define
I[w] not only for smooth functions w, but also for functions w in the Sobolev space W'4(2)
that satisfy the boundary condition (cf. w]sn = ¢ in the trace sense. The wider the
class of functions w for which 7[w] is defined, the more candidates we have for a mini-
mizer.

We denote

A= {we WH(Q) : w|sn = g}
to denote the class of admissible functions w, where w|sq = ¢ is understood in the trace
sense. Note that by w] is defined, but may be equal to +oo, for each w € A.

{eg:2-1}

{eqg:2-2}

{eq:2-3}

{eqg:2-4}
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2.1.2. Lower Semicontinuity. First observe that a continuous function f : R — R satisfying
a coercivity condition
lim f(z) =400

|z| =400
attains its infimum. However, the functional /[w] in general will not. To understand the
issue, set

m := inf Ifw]. (2.6)
weA
By definition of an infimum, there exists a sequence {u;.}}> C A so that
lim [fug] = m. (2.7)
k—+o0

Definition 2.2 (Minimizing Sequence). A sequence {uy};> C A such that
lim [fu| = ilé&[[w]

- k—+o00
(cf. @'}‘ﬁ called a minimizing sequence.

We now want to show that some subsequence of the minimizing sequence {uy};>; ac-
tually converges to a minimizer. For this, however, we need some kind of compactness,
and this is certainly an issue since the space W'(Q2) is infinite-dimensional. If we ap-
ply the coercivity inequality , we can conclude only that the minimizing sequence
{ux}£29 lies in a bounded subset of W'4(Q2). To see this, we make the following remark.

Remark. Suppose that I[-] satisfies the coercivity condition
Hw] = al[Dwl[ Loy =
for constants o > 0 and v > 0, and let {u};> C A be a minimizing sequence for I[-]. Then
{ug 125 is bounded in W1(QQ).
Proof. Since I[uy] — inf,e 4 I[w] =: m, there exists ky € N so large that for all £ > ko,
Tug] <m+1.

Thus for all £ € N,
HNug) < My +m+1,

where M, : I[ug,-1]}. Therefore, for all k € N, we have by the coercivity

g{ I Ul
condition @7

M1+m—|—1—i—’y)1/q
< +00.
(0%

| Doy < (

It remains to show that {u;}, > is bounded in L4(£2). Choose any function w € A. Then
sinceu, € Aforallk =1,2,..., u; and w both equal g on 052 in the trace sense, so uy —w €
W,%(Q). Then by Poincaré’s inequality and the fact that sup,cy || Dug|| ey < C < +oo by
the above,

[urll o) < llue — wllLag@) + [wll Loy
< C||Duy — Dw| zag) + |[w][ra@)
< CHDUkHLq(Q) + (C + 1)||w||W1,q(Q)
<C.

Hence sup,.cy ||ux |l w1.e(q) < 400, as required. The proof is complete. O
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Thus we see that any minimizing sequence {u;};2; C A is bounded in W!4(2). But
this does not imply that there exists any subsequence which converges in W'4(2).

We therefore turn our attention to the weak topology on W'4(Q2). Let us first recall a
definition from measure theory and an important theorem from functional analysis.

Definition 2.3 (Weak Convergence in L(2)). A sequence { f.},'>5 C L4(Q) is said to converge
weakly to a function f € L(S2), written

fk — f in Lq(Q),

lim / frg dL" = / fgdl"
k—+o0 Q Q
. . 11 _
for every g € LP(Q2), where q and p are (Holder) conjugate exponents, st;=1

Theorem (Eberlein-Smulyan Theorem). A Banach space X is reflexive if and only if every
bounded sequence in X has a weakly convergent subsequence.

Since we are assuming that 1 < ¢ < o0, so that L%({2) is a reflexive Banach space,
we have by the Eberlein-Smulyan Theorem that there exists a subsequence {u, }7° C
L%(Q2) such that u,, — u weakly in L9(Q2). Similarly there exists a further subsequence
{ug, }2 € L9(Q) such that Duy, — u' weakly in L?(Q,R"). But since we have also
{ur, 1T C {ug; };55, and wy, — w in L9(2), we have that Du = u'. Therefore, given a
minimizing sequence {u};> C A, there exists a subsequence {u, } 7=} C {ux};2] and a
function u € W4(Q) so that

ug, — u weakly in L(Q), 2.8)
Duy,; — Du weakly in L9(Q2, R™). '
:2-8
We denote (@"b? writing
up, — uweakly in Wh(€Q). (2.9)

Definition 2.4 (Weak Convergence in W'4(Q)). A sequence { fx}> € W14(Q) is said to
converge weakly to a function f € W1(Q), written

fr, = f weakly in Wh9(Q),

fx, = f weakly in L(2),
D fr; — Df weakly in L(Q2,R").
Furthermore, it is true that u|spg = ¢ in the trace sense, so that u € A. Note that this
implies that the trace operator is continuous with respect to weak convergence in W(Q).
Consequently by shifting to the weak topology on T{/1({2) we have actually recovered
nough compactness from the coercivity inequality 0 deduce weak convergence
@ﬁwlvq(m up to a subsequence for an appropriate minimizing sequence {u;};2; C
A. But now another difficulty arises, for without any a priori knowledge of the functional
I[-], this weak convergence is not enough to pass to the limit in@.—l'hat is, in essentially

15
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all cases of interest, the functional I[-] is not contipuoys guitfs respect to weak convergence in

Wh4(2). In other words, we cannot deduce from and at
Iu] = lim Ifuy,] = if Iw], (2.10) [(eq:2-10)

and thus claim that u is a minimizer of /[-]. The problem is that the functional /[] is
continuous with respect to pointwise convergence, and Duy, — Du does not imply Duy, —
Du L"—a.e., even up to a subsequence. It is quite possible for instance that the (weak)
gradients Duy,, although bounded in L?((2), may oscillate more and more wildly as k; —
+00. .2-10

However, we do not really need the full strength of @T fact, it is enough to know

only that
Iu] < 1}%&“[“’%] (211) |{eq:2-11}
:2-6 :2-7
Then from and @_ﬁ’ would follow

Tu] <liminf ITuy,] = lim Tlug] = ini[[w].
we

Jj—+oo k—+o00
But since the RHS is an infimum, and v € A,

i <
u1)I€1Jf4][w] < Iu).
Consequently I[u| = inf,c4 [[w] and u is indeed a minimizer of /[-].

Definition 2.5 (Sequential Weak Lower Semicontinuity in W'4(2)). We say that a functional
I[-] is sequentially weakly lower semicontinuous on W'%(Q) provided that

Iu] < liminf I[uy]

k—+oo
whenever
up — v weakly in WhH(Q).

Our goal is to now identify reasonable conditions on the nonlinear term L(z, w(z), Dw(z))
which imply that the functional /[-] is sequentially weakly lower semicontinuous.

2.2. Convexity. Recall that from our analysis of the second variation (cf. §1.3) that we
derived the inequality

Z Ly, (2, u(z), Du(x))6& >0, £€R", 2e€Q
ij=1

holding as a necessary condition whenever u is a smooth minimizer. This inequality
suggests that it is reasonable to assume that L is convex in its third argument.

t2.1] Theorem 2.1. Assume that L : Q x R x R" — R is smooth, bounded below, and in addition
the mapping p — L(z, 2, p) is convex

foreach x € Q, z € R. Then I[-] is sequentially weakly lower semicontinuous on W14(Q2).

16
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Proof.
(i). Choose any sequence {uy};>] such that

u, — u  weakly in Wh7(€Q). (2.12)
Note that at least one such sequence exists. Set [ := liminf;_, . I[ui]. We must show that

Iu] < liminf Iug] = 1. (2.13)

k—+o0

:2-12
(ii). Since weakly convergent sequences are bounded, it follows from @_ﬂﬁt

sup ||ug |lwi.a) < +00. (2.14)
keN

Passing to a subsequence if necessary, we may as well also suppose that

lim [fug| = 1. (2.15)
k—+o0
:2-14
Furthermore, since W(Q2) cc L), we have from at u; — u strongly in L9(2)
up to a further subsequence. Thus, passing if necessary up to yet another subsequence,
up —u  L" —a.e. onfl. (2.16)

:2-16
(iii). Fix € > 0. Since u; — u L"—a.e. on 2 (cf. (%‘),_Egorov’s Theorem implies that
there exists an £"—measurable set E, such that

up — v uniformly on E, (2.17)
with
LM\ E,) <e. (2.18)
We may assume that £, C E. for 0 < € < e. Now define
1
F.:= {x € Q: |u(x)| + |Du(z)| < —} : (2.19)
€
Then
LM'Q\F.)—0 ase—0, (2.20)
since u € W4(Q) implies that |u(x)|, |Du(z)| < 400 L"—a.e. on 2. We finally set
G..=E.NF, (2.21)

and notice from @_Tlr?d @_}%t L\ G.) » 0ase— 0, for
LN\ G = £((Q\ E) U 2\ F)) < £\ B) + L\ F).
(iv). Now let us observe that since L is bounded below, we may as well assume that
L >0, (2.22)

for otherwise we could apply the following arguments to L := L + 3 > 0 for some
appropriate constant 3 > 0. Consequently

Tug] = / L(z, ug, Duy) dx 2/ L(z,uy, Duy,) dz.
Q

€

Since L is smooth and convex in the third argument, notice that
L(x, ug, Duy) > L(x,ug, Du) + D, L(z, uy, Du) - (Du — Duy,).

17
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Thus

Iug) > L(z,ug, Du) dx + D,L(z,uy, Du) - (Du — Duy,) dx. (2.23)

Ge Ge
eq:2-18q:2-18q:2-21
By (2.17), 2.19), 2.21)), and the continuity of L, we make the following two observations:

(i) L(x,u, Du) = L(x,u, Du) uniformly on G.;
(i) L(x,u, Du) € L1(Q).

Thus by Lebesgue’s Dominated Convergence Theorem,

lim L(z,uy, Du) doe = / L(z,u, Du) dx. (2.24)

‘ 2-23 ‘ 2-18q:2-18q:2-21
For the second term on the RHS of @ﬁ)te again by (ﬁgfﬁ)%%ﬂie smooth-

ness of L, and the boundedness of D,L and 2 that

(i) D,L(z,ux, Du) = L(z,u, Du) uniformly on G¢;
(i) D,L(x,u, Du) € LP(Q).

Appealing once again to Lebesgue’s Dominated Convergence Theorem,

lim D,L(z,uy, Du) - (Du — Duy) de = D,L(z,u, Du) - { lim Du — Duk} dx
k?—)-f—OO C;v€ GE k‘—>+00

=0, (2.25)

where ,t;‘l_ezlllastl pig,egg%ity follows from b&weak convergence Du, — Du in L?(2). Thus
by (2.24) and (2.25), we have from at

= lim [Ifug] > / L(z,u, Du) dx.
k—+o00 G.

Note that this inequality holds for any € > 0. Thus taking the limit as € — 0 and recalling

the assumption %ﬁf follows by the Monotone Convergence Theorem that

liminf I{ug] > lim | L(z,u, Du) dx = / L(z,u, Du) dx = Iful,

k—+o0 e—0 G. Q
as required. The proof is complete. O

Remark. It is important to understand how the abgue proof deals with the weak convergence
Duy, — Du. The key is the convexity inequality , on the RHS of which Duy — Du gppears
linearly. Weak convergence is compatible with linear expressions, and so the limit %fﬁlds.
Remember that it is not in general true that if Duy — Dwu, then Duy, — Du a.e., even upon
passing to a subsequence.

The convergence of uy, to w in L($2) is much stronger, and lets us indeed conclude that w;, — u
L™—a.e. Thus we do not need any convexity assumption concerning the mapping z — L(x, z,p).

We can now establish that the functional /[-] has a minimizer among the functions in
the admissible set .4. We first recall another important theorem from functional analysis.

Theorem (Mazur’s Theorem). A convex subspace K of a normed linear space X is closed if and
only if K is weakly sequentially closed.

We now state and prove the main existence theorem.
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Theorem 2.2 (Existence of Minimizer). Assume that L, Q x R x R™ is convex in the third
argument and satisfies the coercivity inequality (cf.

L(z,z,p) > alp|? —

for constants o« > 0 and 3 > 0. Suppose also that the admissible set A is nonempty.
Then there exists at least one function u € A such that

Iu] = rwneiﬂf[w].

Proof.
(i). Set m := inf e 4 I[w]. If m = 400, we are done, and thus we assume that m is finite.
Choose a minimizing sequence {u;}2; C A. Then

Iuy) > m ask — +oo. (2.26) |{eq:2-26}

(ii). We may assume that 5 = 0 in the coercivity inequality @_‘F& otherwise we could
just as well consider L:= L+ B.Thus L(z, z,p) > a|p|?, and so

Iw] = /L(:C w(z), Du(z ))dx>a/ \Dw(z)|" da. (227) [Teq:2-27]
-26 -27
Since m is finite, we conclude from @ﬁd @‘ﬂﬁt
sup || Dug || pago) < +00. (2.28) |{eq:2-28}
keN

Indeed, there exists ky € N so large that for all & > k,

]Tud §§n1%—1,
so that 1
m
||Duk’||qu(Q) < o
whenever k > kq. Thus, for all k € N,
1
o

where M := max{|[Du1[|7,q, - - - HDUkO_1||Lq(Q)q}.

(iii). Now fix any function w € A. Since u, € A for all k € N, u;, and w both equal g
on 0N in the trace sense, and so we have u, — w € W, (Q). Therefore an application of
Poincaré’s inequality gives

[ukl| Loy < llur — wl[La) + [wllLo@)
< Cif|Duy, = Dwl|paoy + [[wl oo
< Cy||Dugl| Loy + Crl|Dw|| ey + |wl|Lago
S ClHDukHLq(Q) + (1 + Cl)H’wHWLq(Q)
<C,
.2-08 2228
by (%._Hence, SUPgen ||kl La@) < +oo. This and (@Tnply that the minimizing se-
quence {uy};2; is bounded in Wh?(Q).

(iv). Since W'?(Q) is a reflexive Banach space, the Eberlein-Smulyan Theorem implies

that there exist a subsequence {uy, },°7 C {ux},°] and a function u € W"9(Q) such that

up, —u weakly in W9(€).
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We verify next that u € A. To see this, note that for w € A as above, u;, — w € VVO1 ()
for all k € N. Since W,%(Q) is a closed, convex subspace of W9(Q), it follows by Mazur’s
Theorem that W, () is weakly closed. Thus u — w € Wy%(Q). Consequently u|sq = g in
the trace sense, and u € A. 1

Finally, recall from Theorem @_that since L is convex in the third argument, /[] is
sequentially weakly lower semicontinuous on W4(2). Therefore

< lim1i =1 .
Tu] < liminf I uy,] ig&]{w]

j—+oo
But on the other hand, since u € A, it follows

inf Ifw] < Iul,

weA

and therefore

Aﬂu]::ggﬂlhd.

The proof is complete. O

We now turn to the problem of uniqueness. In general there can be many minimiz-
ers, and so if we want uniqueness of a minimizer, we require further assumptions. For
instance, suppose that

L(x, z,p) = L(z,p) does not depend on = (2.29)
and also that there exists # > 0 such that
D Ly, (,0)68 > 01EP°, z€Q, pEeR™ (2.30)

2,j=1
:2-30
If L satisfies (%,Te say that L is uniformly convex.

Definition 2.6 (Uniformly Convex). If there exists a constant 0 > 0 such that L : Qx RxR" —
R satisfies

Z Lpipj (I, Z,p)ézéj Z 9|£’27 S QJ S R7 p7£ S Rn?

ij=1

:2-30
(cf. @'}7{)@ say that the mapping p — L(z, z,p) is uniformly convex for each = € ) and
z e R.

Theorem 2.3 (Uniqueness of Minimizer). Suppose that

L(x, z,p) = L(z,p) does not depend on z

and that the mapping p — L(x, p) is uniformly convex for each = € 2 (cf. 1;
minimizer v € A of I[-] is unique.

Proof.
(i). Assume that u,u € A are both minimizers of I[-] over A. Then v := 1(u+ 1) € A.
We claim that
Iu] + Iu]

{eq:2-29}

{eq:2-30}

I < — 5 (2.31) |{eq:2-31}

with a strict inequality, unless u = u a.e.
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:2-31
(ii). To see that @—lﬁlds, note that by the uniform convexity assumption (cf.

that we have
0
L(z,p) > L(z,7) + DpL(z,7) - (p —7) + —Ip —r*, z€Q, preR™

Du+Du

Setting r := , p := Du, and integrating over (), we obtain

D D
][u]z/L(x,Du)dmZ/L(m,%) dx +
Q Q

D Du Du— Du 0 -~
/DpL x, utbul Y Y 0l:zc+—/|Du—Du|2 dx
o 2 2 8 Jq

Du+ D\ (Du- Di 0 _
:[[U]Jr/DpL(x, “; “>< “2 “) dx+§/yDu—Dude.

Du+Du

Similarly, setting r := , p := Du, and integrating over () gives

D D
I[3] = / (, D7) dx>/L( #) dv +
D Du Du—D
/DpL x, utruy al 4 dx+g/|Dﬂ—Du|2d:1:
o 2 2 8 /o

Du+Du\ (Di—D 0 [
:I[v]—i-/DpL 2, 2T “)( “2 “) d:v—i—g/]Du—Du]de.
Q Q

2
leq:2— leq:2—
Adding (lé.d;) a3r:13d 2.34) arild dividing by 2, we deduce
M>I /|Du—Du|2da:>I[]

:2-31
with a strict inequality unless Du = Du a.e. This proves the claim in

(iii). Since
Iu] = Ifa] = min I'fw] < I[v],

weA

Mol 16 _
! ,

we deduce that

:2-30

(2.32) |{eqg:2-32}

(2.33) |{eq:2-33}

(2.34) |{eq:2-34)

and thus Du = Du a.e. on (. Since u,u € A, u|sq = U|sn = ¢ in the trace sense, and thus

u = u a.e. on €. The proof is complete.

O

2.3. Weak Solutions of Euler-Lagrange Equation. We want to demonstrate that any
minimizer v € A of the functional /[-] solves the Euler-Lagrange equation in some suit-
able sense. Notice that this does not follow from the calculations in §8.1 since we do not
know that u is smooth, only that u € W(Q). To do this, we will need some growth

conditions on L and its derivatives. We suppose that
|L(x, 2,p)] < C(1+ 2|+ |p|?)
and also
|DyL(x, 2,p)] < C(1+ 2|7+ [p|),
|D.L(x,2,p)] < C(1+ 2|7+ [p|*)

(2.35) |{eq:2-35}
(2.36) |{eq:2-36}
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for some constant C' > 0 and all z € 2, z € R, and p € R™.

Motivation for definition of weak solution. We recall the definition of the boundary
value problem for the Euler-Lagrange PDE associated with the functional /-], which for
a smooth minimizer u is as follows:

L.(x,u, Du) — > (Ly,(z,u, Du)),, =0 on €,

1 (2.37) |{eq:2-37}

n
1=

u|aQ =g

Multiplying @% a test function ¢ € C°(€2) and integrating by parts, we obtain the
equality

0= /QLZ(x, u, Du)p — Z(Lm(x, u, D))y, @ dz

=1
:/Lz(x,u,Du)¢+ZLpi(x,u,Du)gzﬁxi da. (2.38) [{eq:2-38}
Q i=1

:2-36
Now assume that u € W4(Q). Then by @Te see that

|DpL(x,u, Du)| < C(|1+ |u|9t + |Dul|?™t) € Lq/(Q),

1

where ¢ := qf’l, +7=1 Indeed, we observe

1
q

| DyL(z,u, Du)||%, ) < Cq’/ (1+ [u*™" + [Du)™)" da
Q

SSq/C'q//maX{l,|u]q,\Du|q} iz
Q
< +00.
:2-36
Similarly by G36)

|D.L(z,u, Du)| < C(1+ |u|! + [Du|?™!) € LY (Q). (2.39) |{eq:2-39}
:2—38

Consequently using a standard approximation argument, we see that the equality @7
is valid for any ¢ € W,"%(1). this motivates the following.

Definition 2.7 (Weak Solution of Euler-Lagrange Equation). We say that u € A is a weak
solution of the boundary—value problem or the Euler-Lagrange equation provided that

/ L.(xz,u, Du) + Z L, (x,u, Du)¢p,, de =0
Q i=1

forall € Wy ().

Theorem 2.4 (Solution of Euler-Lagrange Equation). Assume that L(x, z, p) satisfies the growth
conditions given by (2.35) and (2.36), and u € A satisfies

Iu] = {Uneiﬂl[w].

:2-37
Then w is a weak solution of the Euler—Lagrange equation
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Proof. We proceed as we did previously, taking care about differentiating inside the inte-
grals. Fix any ¢ € W;(Q) and set

i(r) =ITu+te], 7R

:2-35
By @We see that i(7) is finite for all 7 € R.
Now let 7 # 0 and write the difference quotient

i(t) —1(0) _ / L(z,u+ 7¢, Du+ 7D¢) — D(x,u, Du)

dx =: / L7 (x) dx, (2.40)
o

T T
where
(e o L ule) £ 70(@). Dula) + 7D(w)) — L(r. ua). Du(a)
T
for L"—a.e. x € Q). Clearly
L™(z) = L,(z,u, Du)¢ + i L, (z,u, Du)¢,, (2.41)

i=1
a.e.onas7 — 0, for

{L(m, u(z) + 7¢(x), Du(z) + 7D@(x)) — L(z, u(z), Du(x) + TDp(x)) } N

}_%L () = lim

:2-36

7—0 T
[ L (), Due) + 7Dé(r)) — Lz, u(e), Du())
751(1) T '
Furthermore
1
L(z) = — (L(z,u(z) + 7¢(x), Du(z) + 7Dé(z)) — L(z, u(z), Du(z)))
_1 / iL(x, u+ ¢, Du+ sD¢) ds
T Jo ds
= 1 / L,(x,u+ s¢, Du+ sD¢p)p + Z L, (x,u+ s¢, Du+ sDp)p,, ds.
T Jo i=1
Next we observe that, by Young’s inequality and the growth conditions given by p

for ¢’ := .4 we have for any M > | 7]
| L=z, u + 59, Du+ sDG)|” | |g]
q q
-1 ~1\¢ |¢|q
<C(1+|u+sg|”" + |Du+ sDo|* )" + —
q
C (|p|* + max{1, |u + M¢|?, |Du+ M Do¢|?})
C(1+ [ul! + || + [Dul* + [D|?),

|L,(z,u+ s¢, Du+ sD¢)p| <

<
<

and similarly

D Ly (x,u+ s, Du+ sDd)y,| < C(L+ |u|” + []* + |Dul + [ Dg|%).

=1

23

{eq:2-40}

{eq:2-41}



The Calculus of Variations 2 — Existence of Minimizers

Hence
i < C [T
@) < S [ @t falt 4 90+ [Dult+ Do) ds
0
= C(1L + |u|? + |p|? 4 | Du|? + | D¢|?),

so evidently L7 € L'(Q). Consequently, ye may apply Lebesgue’s Dominated Conver-
gence Theorem to conclude from (2.40) and (2.41) that i'(0) exists, and

i'(0) = lim ilr) = i0) =lim [ L™(z)dz = / lim L7 () dx
70 T 70 Jo Q70

:/Lz(x,u,Du)gb—{—ZLpi(a:,u, Du)é,, da.
Q

=1

But then since i(-) has a minimum for 7 = 0, we have that i'(0) = 0, and thus

/ L.(z,u, Du)p + Z L, (z,u, Du)¢,, de =0,
Q

i=1

so that u is a weak solution of the Euler-Lagrange equation, as required. The proof is
complete. O

22-37
Remark. In general, the Euler-Lagrange equation (ﬁ%ﬂl have other solutions which do not
correspond to minima of 1[-]; see §2.5, for instance. However, in the special case that the mapping
(z,p) — L(z, 2z, p) is convex for any x € €, then each weak solution is in fact a minimizer.

To see this, suppose that u € A solves the Euler-Lagrange PDE

Lz 9 7D _n L 9 7D 5‘3:0 ODQ,
(1, D) = 3 (L (2,4, D)) (2.42)
u|aQ =g

in the weak sense and select any w € A. Using the convexity of the mapping (z,p)
L(z,z,p), we have

L(:zc,w,r) > L(x,z,p) + DzL(wa?p) ’ (w - Z) + DpL(fﬂ,Z,p) ) (7“ _p)'
Let p = Du(x), r = Dw(z), z = u(z), w = w(x), and integrate over (2 to find

Iw] > Iu] + /Q D.L(z,u, Du) - (w —u) + D,L(x,u, Du) - (Dw — Du) dz.

:2-42
In view of @_ﬂq’e second term on the RHS is zero, and therefore I[u] < I[w] for each
w e A

2.4. Systems.
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2.4.1. Convexity. We adopt all the notation from §1.4 And consider the existence of mini-
mizers of the functional

Tw] = /QL(x,w(x),Dw(a:)) iz,

defined for appropriate functions w : 2 — R™, where L : 2 x R™ x R™*" is given.
The theory from §2.2 extends easily to the case of systems. We assume the coercivity
inequality
L(xz,z,P) > a|P|"— 3, PeR™" 2zeR" zel (2.43)
for some constants o > 0, 3 > 0. Define also the admissible set
A= {w S Wl’q(Q,Rm) Z’w|3Q = g},

where w|yq = g is understood in the trace sense, the function g : 92 — R™ being given.
We present most theorems here without proof, as the proofs follow almost exactly to
the analogous theorems in the previous section.

lhe%g@ 2.5 (Existence of Minimizer). Assume that L satisfies the coercivity inequality (cf.

L(z,z,P) > a|P|"— 3, PeR™" 2ecR"™ z€Q
for some constants o > 0, 3 > 0, and that L is convex in the third argument. Suppose also that

the admissible set A is nonempty.
Then there exists u € A satisfying

Iu] = qufleiﬂl[w].

We also have uniqueness.

Theorem 2.6 (Existence of Minimizer). Assume that L(x, z, P) = L(x, P) does not depend on
z and that the mapping P — L(x, P) is uniformly convex. Then a minimizer w € A of I[] is
unique.

Let us now also suppose the growth conditions
| Lz, 2, P)| < C(1+ [2[* + [P[%),
|D.L(x, 2, P)] < C(1+ [2|7 + | P71, (2.44)
|D,L(z,z, P)| < C(1+ |z|97t + |P|17h)
for some constant C' > 0 and holding for all z € €2, z € R™, and P € R™*".

We consider the system of Euler-Lagrange equations

Lx(z,u, Du) — 3 L (z,u,Du)),, =0 onf2,
g€ ) ;( o (T ) (2.45)
Uk!69=9k>

fork.=1,...,m. We callu € A aweak solution of the system of Euler-Lagrange equations

4b
@Wowded that
Z/ La(z,u, Du)¢* + > Lye(w,u, Du)gf, do =0
k=1 i=1

forall ¢ € W, (Q,R™), ¢ = (¢',...,¢™).
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Theorem 2.7 (Soluaion iz_f Juler-Lagrange System). Assume that L(z, z, P) satisfies the growth

conditions given by and that u € A satisfies

Iu] = gleiﬁl[w].

:2-45
Then u is a weak solution of the system of Euler—Lagrange equations

2.4.2. Polyconvexity. There are some mathematically and physically interesting systems
that are not covered by Theorem ut can nonetheless still be studied using the cal-
culus of variations. These include certain problems where the Lagrangian L is not convex
in the third argument, but I[-] is still sequentially weakly lower semicontinuous.

Lemma 2.1 (Weak Continuity of Determinants). Assume that n < q < 400 and
up, —u  weakly in WH4(Q,R").

Then
det Duy, — det Du  weakly in L= ().

Proof.
(i). We first recall the matrix identity (det P)I = P(cof P)”. Consequently

det P = Zpé-(cofP)é, i=1,...,n.
j=1

(ii). Now letw € C*(Q,R"), w = (w',...,w"). Then by (i)

det Dw = Z w;j(cof Dw)é-, i=1,...,n. (2.46)
j=1

1 . 12-46
Now recall by Lemma @_that > _i—i(cof Dw); .= 0. Thus by

det Dw = Z cofD'w , 1=1,...,n.

Zj

Consequently the determinant of the gradient matrix of w may be expressed as a diver-
gence. Thus if ¢ € C2°(2), we have upon integrating by parts

/Q (det Dw)¢ dx = /Q Z (w'(cof Dw);)mj ¢ da

:_Z/ )(cof Dw), @7() , i=1,...,n. (2.47)

47
(iii). We have established the identity @‘fﬁ a smooth function w € C>(2). A stan-
dard approximation argument thus gives

/ (det Dug)o do = — 3 / ul () (cof Dug)id,, (x) de, i=1,...,n, (2.48)
Q = Ja
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for our sequence {u;};>; € W(Q, R"). Now recall from the assumption that ), — u in
Wha(Q,R™), and thus the sequence {u;};>] is bounded in W(Q, R"). Since alson < ¢ <
+00, we have by Morrey’s inequality that {u;};> is bounded in C%'="/4(Q, R"). But since
Co(Q,R™) cC C(Q,R") by the Arzela—Ascoli Theorem for any 0 < « < 1, it follows

u, — u uniformly in €,

:2—-48
up to a subsequence. Returning to the identity @We see that we could conclude that

lim (det Duy)¢ dz = — Z / )(cof Du)io,, () do = / (det Du)p dz  (2.49)

k—4o00 Q

if we knew that
lim [ (cof Duy)ie do = /(cof Du)'y) d, (2.50)

k—+o00 Jq Q

for each i,j = 1,...,n and each ¢ € C*(Q). Note that (cof Duy)} is the determinant of
an (n — 1) x (n — 1) matrix, which may be analyzed as above by bemg written as a sum
of determinants of appropriate (n — 2) x (n — 2) matrices, times uniformly convergent
factors. We continue in this fashion and eventually must only show that the entries of the
matra'ces_ %%% converge wezkly %9 the corresponding entries of Du. But this is obvious, so
that olds, and thus olds also.

(iv). Finally, since {u}2, is bounded in W'4(Q,R™) and |det Du;| < C|Duy|", we see
that {det Duy}{2] is bounded in L%(Q) Hence any subs%gklgnce of {det Du;};2] has a

weakly convergent subsequence in L= (), which by can only converge to det Du.
The proof is complete. O
We next use this lemma to establish a sequential weak lower semicontinuity assertion
analogous of Theorem , except that we will not assume that the Lagrangian L is nec-

essarily convex in P. Instead let us suppose that m = n and L has the form
L(z,z,P) = F(z,z,det P,P), €, zeR" PeR"™, (2.51)

where F': O x R" x R x R™*" — R is smooth. We additionally assume that for each fixed
r € R"and z € R",

the joint mapping (r, P) — F(z, z,r, P) is convex. (2.52)
This is called polyconvexity.

Definition 2.8 (Polyconvex). Suppose that m = n and the Lagrangian L : Q x R" x R™" — R
has the form

L(x,z,P) = F(x,z,det P,P), €, zeR" PeR"™,

where F - Q x R™ x R x R™™ — R is smooth. We say that L is polyconvex provided that for
each fixed x € R" and z € R",

the joint mapping (r, P) — F(z, z,r, P) is convex.

Theorem 2.8 (Weak Lower Semicontinuity of Polyconvex Functionals). Suppose that n <
q < +o0. Assume also that L is bounded below and polyconvex. Then I[-] is sequentially weakly
lower semicontinuous on W14(Q, R™).
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Proof. Choose any sequence {uy;};>; € W(Q, R") such that

u, —u  weakly in WH(Q,R™). (2.53)

According to Lemma @%
det Duy, — det Du  weakly in L (). (2.54)
Arguing exactly as in the proof of Theorem ,1and adopting the same notation, we

have by the polyconvexity assumption

Iuy] =/L(x7uk7Duk> dxz/ L(z,ug, Duy) dz
Q Ge

:/ F(ac,uk,det Duk,Duk) dx
Ge

> / F(z,u,det Du, Du) dx + / F,.(z,uy,det Du, Du) - (det Duy, — det Du) +

F,(x,uy, det Du, Du) - (Duy, — Du) dx.

-53 -54
Thus by reasoning as in the proof of Theorem (@’ we deduce from (ﬁﬁd (%T%at

the limit of the second integral on the RHS is zero as k — +o00. The proof is complete.
As before, we immediately get existence.

Theorem 2.9 (Existence of Minimizers for Polyconyex Functionals). Assume that n < q <
+oo and that L satisfies the coercivity inequality @Wd is polyconvex. Suppose also that the
admissible set A is nonempty.
Then there exists u € A such that
I[u] = min Iw].

weA

2.5. Local Minimizers. We want to determine under what circumstances a critical point
of the energy functional /[-] is in fact a minimizer or a local minimizer. Assume that u is a
smooth solution of the Euler-Lagrange PDE

L:(w,w Du) = 3(Ly (@, u, Du))s, =0 on (2.55)

ulog = 9,

and is therefore a critical point of the functional

Tl = /QL(:E,w, Duw) dz

among all functions w satisfying the boundary condition w|sq = g. We also assume that
the mapping
p— L(x,z,p) is convex.

We will show that if the graph of = — u(z) lies within a region R generated by a one-
parameter family of graphs z — u(z, \) corresponding to other critical points, then in fact
u is a minimizer of I[-], as compared with admissible variations w taking values within
R. Note that the functions u(x, \) need not be minimizers of the functional I[-]. They do, however,
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solve the Euler-Lagrange equation if we do not consider the boundary constraint. More precisely,
suppose that I C R is an open interval containing 0 and that {u(-,\) : A € I} is a smooth
one—parameter family of solutions of the Euler-Lagrange PDE
L. (z,u(x, ), Du(z,\)) — Z(Lpi (x,u(x,\), Du(x,\)),, =0 (2.56)
i=1
within €2, such that
u(x) =u(z,0) el (2.57)
We as follows construct an admissible function w taking values in the region R, the
union of the graphs of the functions u(-,\) for A € I. Take § : Q — I to be a smooth
function satisfying
0)oa = 0. (2.58)
Define then
w(z) = u(zx,0(x)), (2.59)
and npte that w(sq = ulon = g. Note that w is not necessarily a solution of the Euler-Lagrange
PDE (Iﬁﬁgi

Theorem 2.10 (Local Minimizers). Suppose that u is a smooth solution of the Euler-Lagrange
PDE - Then w is a local minimizer of I[-] within the region R, in the sense that

I[u] < Il (2.60)

for any function w constructed as follows.
Take 6 : Q2 — I to be a smooth function satisfying

(9‘39 =0.
Then define
w(z) = u(x,0(x)).

What the theorem says is that if u is a solution of the Euler-Lagrange PDE and is em-
bedded within a family of gther solutions, then u is a minimizer of I[-] among functions
w having the form . In fact, if, say, uy > 0 for A small, we can write any w that is
sufficiently close to u pointwise in this form. Note that Dw need not be close to Du.

In other words, if we view u and w as elements in an appropriate function space X,
then what we have is that /[u] < I[w] whenever ||u — w|| x is small.

Proof.
(i). We first observe that, by the chain rule,

Wy, () = Uy, (z,0(x)) +ur(x,0(x))0,,(z), 1=1,...,n,
where u, denotes the derivative of v in the second argument. Thus
Dw = Du + uy\D#,
and we see that the convexity of L in its third argument implies that
Iw] = / L(z,w, Dw) dx = / L(z,w, Du + u)D0) dz
Q Q

> / L(z,w, Du) + D,L(z,w, Du) - (uyD@) dz
Q
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= / L(z,w, Du) + uyD,L(z,w, Du) - DO dx, (2.61) |{eg:2-61}
Q

where v is evaluated at (x,0(z)) and D = D,.
(ii). We introduce the vector field b := (b', ..., "), defined by

. 0(x)
b= / ux(z, X)Ly, (x,u(z, N), Du(z, X)) dX, i=1,...,n. (2.62) |{eq:2-62}
0

By the Leibniz integral rule and the product rule, we calculate

02,0 = up(,0(x)) Ly, (z,u(z,0(x)), Du(x,0(x)))0., (z) +

0(x)
/0 Oy, (ur(z, N) Ly, (2, u(z, X), Du(z, X)) dA
= s, 0(2)) Ly, (2w, 0(2)), Dl 0(2)))6, () +

The Calculus of Variations

0(x)
| e VL o e ). Due ) i+
0

0(x)
| o) (Lot ). Dt ), i
0
foreach i =1,...,n. Hence,

divb = Zu,\(x, 0(x)) Ly, (z,u(z,0(x)), Du(z, 0(x)))0, () +
n 0(x)
Z/U u,\xl(x,)\)Lpz(Lu(x, /\),DU(ZE,)\)) d\ +

n 0(z)
Z/o ux(w, A) (Ly, (z, u(z, ), Du(z, N))), dA
= uy(z,0(z)) Dy L(z, w(x), Du(x,0(x))) - DO(z) +

n 0(x)
3 / wre (@, N Ly, (2, ule, A), Dulz, A)) dA +
0

=1

0(x) m
| e (L ute ), Dutr ),

:2-55
But since u(z, ) solves the Euler-Lagrange equation @Whe classical sense, we have
divd = up(x,0(x)) D, L(z, w(x), Du(x,6(x))) - DO(z) +

O(x) ™
/ S s (2, A) L (2, u(, A), Du(, A)) dA +
0 i=1

0(x)
/0 ux(x, \) L, (x,u(x, \), Du(x, X)) dX.

Observe next that by the chain rule,
OL(z,u(z,N), Du(z,N)) = L (xz,u(z, ), Du(z, \))ur(x,\) +
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> Ly (x,u(x, N), Du(@, A))urg, (2, A).

i=1
Hence, the previous calculation and the Fundamental Theorem of Calculus imply that
divb = uy(z,0(x))DyL(x, w(x), Du(z,0(x))) - DO(x) +

0(z)
/0 (L(z,u(z, ), Du(x, X)) dX

= ux(z,0(x))DyL(x,w(z), Du(z,0(x))) - DO(x) + L(z, u(x,0(z)), Du(z,8(x))) —
L(z,u(zx,0), Du(x,0))

= ux(z,0(x))D,L(x,w(z), Du(z,0(x))) - DO(x) + L(x, w(z), Du(z,8(x))) —
(s, ula), Du(o))

in view of .
:2-61
(iii). We insert this calculation into (@_ﬁ obtain

Iw] > /QL(QZ, u(x), Du(x)) + divb de = I[u] + /Qdivb dx.

But by the Divergence Theorem,

/divbdx— b-vdS=0,
Q o9

1262
since 0|sq = 0 and consequently b = 0 on 012, in view of the definition of b in . Hence,

Hw] = Iul,

as required. The proof is complete. O
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3. REGULARITY

In this section we discuss the smoothness of minimizers of our energy functional I[-].
This is in general a difficult topic, and so we need to make a few strong simplifying as-
sumptions. We suppose that our energy functional /[-] has the form

Iw] = /QL(Dw) —wf dz, (3.1)

for f € L*(Q2). We also take ¢ = 2 and assume also the growth condition
[DpL(p)l < C(lpl +1), peER™ (3.2)
If we temporarily rewrite our Lagrangian L as
F(z,w, Dw) := L(Dw) — wf,
:3-1

we see that the corresponding Euler-Lagrange equation of is

n

F.(z,w, Dw) — Z(Fpi(:p,w, Duw)),, = —f — Z(Lpi(Dw))xi =0 on{.

=1

Thus any minimizer u € A is a weak solution of the Euler-Lagrange PDE

- i(Lpz(Du))zz =f onQ. (33)
i=1
That is,
/Q; Ly, (Du) ¢y, dx = /qub dx (3.4)

:3-4
for all ¢ € Hj(Q). Note that the LHS of is well-defined, since u € W?(Q) and the
growth condition (cf. implies

|D,L(Du)| < C(|Du| + 1) € L*(Q),
for
W%L@mmggcf/HDm+¢degcf/1+apm++DMQMw<+m,
Q Q

since © C R” is bounded. Therefore an application of Holder’s inequality shows that the
LHS of is finite.

3.1. Second Derivative Estimates. We nqw, want to show that if u € H'(Q2) is a weak
solution of the Euler-Lagrange PDE , then in fact u € H}_(Q2). To establish this we

loc

need to strengthen our growth conditions on L. Let us first of all suppose that
ID’L(p)| < C. peR™ (35)

Note that here we are assuming that we can in fact take two derivatives of L.
Additionally let us assume that L is uniformly convex, and so there exists a constant
¢ > 0 such that

> Loy, (068 > 0P, p.€ €R™ (3.6)

ij=1
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View the uniform convexity assumption (cf. @’;)Tg a nonlinear analogue of the assump-
tion of uniform ellipticity required for the regularity theory of elliptic PDE. The idea is to
try to mimic some of the calculations from the regularity theorems for solutions to linear
elliptic PDE.

Theorem 3.1 (Second Derivatives for Minimizers). 3.3
(i). Let u € H'(Q) be a weak solution of the Euler—Lagrange PDE @Wfld suppose that L
satisfies the growth condition

LADPLPI<C, peR
and is uniformly convex (cf. , . Then

u € HE ().
(ii). If in addition u € Hj(Q) and 9Q € C?, then
u € H*(Q)
with the estimate
ullz2(0) < C fllz2(e)-

Note that (ii) actually provides us with an a priori bound on the H?(Q2) norm of a mini-
mizer u.

Proof.
(i). Fix any open set IV CC 2 and then choose an open set W so that V. cC W CC Q.
Choose by Urysohn’s Lemma a smooth cutoff function ¢ satisfying

(=1lonV, (=0onR"\W, 0<(¢<1.
Let || > 0 be small, choose k € {1,...,n}, and define the difference quotient

u(x + hey) — u(x)
h )

/ uD v dr = — / vDM da
Q Q

Diu(z) = xeW.

Let us recall that

for all u,v € H?*(Q), for

/Qu(x):}(x) dx/ﬂu(x—k%k)v(x) i

This is the integration by parts formula for difference quotients. Now substitute
vi= =D "(*Dyu)
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:3-4
into @‘tﬁ obtain

> /Q Ly (Du) (=D ((*Djw),, do =3 /Q D (Ly,(Du)) (¢* D), dx

:—/kah(CQDZu) dz. (3.7) |{eq:3-7}
Q

Now observe that

H
| =

DI'L,,(Du(z)) = L, (sDu(zx + hey) + (1 — s)Du(x)) ds

SRS
®

>~

pip(sDu(x + heg) + (1 — s)Du(x)) - (Du(x + hey) — Du(z)) ds

i
3

> =

Ly,p, (sDu(x + heg) + (1 — s5) Du())(uq, (x + hey) — uq, (7)) ds

Nﬁh
™~ <Y

<.
Il
—

Ly, (sDu(z + hey,) 4+ (1 — s)Du(z)) Dpu,,(z) ds

Il
o\..
i
3

j=1
=: aij’h(x)DZuxj (x), (3.8) |{eg:3-8}
=1
where
1
a M (z) = / Lpp, (sDu(z + heg) + (1 — s)Du(x)) ds, i,j=1,...,n. (3.9) |{eq:3-9}
0

:3-8 .37
Inserting @ﬁfo @Wes the identity

A+ A=) / C*a' " Dy, Diug, dz + ) / 2¢(,,a”" D, Diu do
Q Q

i,j=1 i,j=1

:—/fD,;h@?D,’;u) dr =: B. (3.10) [{eqg:3-10}
Q

:3-6
Now the uniform convexity assumption (cf. @')Tnplies

A = Z / §2aij’hDZu$jDZu$i dx
Q

ij=1

- / <2 /1 <i Lpipj (SDU(‘T + hek) + (1 - S)Du(x))DZUmJDz%) ds dx
Q 0

ij=1

1
2/(2/ 0| D} Du(z)|* ds dx
o Jo
:9/C2|D,}§Du(x)|2 dx. (3.11) |{eqg:3-11}
0
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:3-5
Furthermore we have by the growth assumption (cf. @Wd Cauchy’s inequality with
e that

PHED IR

1,j=1

aij’h||D,}ju$j||D,’§u| dx

n 1
<30 /W ¢ /0 Ly, (sDu(z + hex) + (1 — 5)Du(x))| ds | Dl Dug, || Dlu] da

ij=1

< C/ C| Dy Dul|| D}l da
w

ge/ g2\D’,;Du|2dx+9/ | Djul? da. (3.12) [{eq:3-12}
w € Jw

We now estimate |B|. First recall that || D"w||;2@) < C||Dwl||12) for any w € H* ().
Therefore by Holder’s inequality,

1B] < |/ D" (¢ Drw) || iy < N f Lz | Dy (CDju) |20y < Cllf 2 [ DG DR 120
Next observe that, since 0 < ( <1,

1D D)y = [ D DL do
= /Q |D(C*)Dju + 2Dy Dul? dx
<c / ID(C?)Dluf? + ¢ D} Duf? da
< C/Q |Dl'ul? 4+ 2| D} Dul* da
<C (HDZUH%Q(Q) + HCDZDUH%?(Q))

< C (IDuli3aqq + ICDEDul)) -
Taking square roots, we find (upon possibly increasing C)
1D(¢* Dyw)llz2@) < € (I[Dullz@) + IS D5 Dul 2oy )
and so
Bl < Cll Il (II1Dull 20y + ICDi Dull r2(0y) -
Now applying Cauchy’s inequality with ¢ and choosing C' > ¢* gives

C C
|B| < 6||f||2L2(Q) + ?HDUH%Q(Q) + EHCDZDUH%Q(Q) + ?||f||%2(9)
C
< €D Dulltaqg) + = (112 + 1Dullfz))

C
= e/ C3| DI Dul? dx + —/ |f? + | Dul? dz.
Q 6 Q . .
Next we notice from the above bounds on A;, Ay, and B (cf. , at

Q
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2
§26/§2|D2Du|2 dx—i—g/|f|2 clqu—O/|Du|2 dx.
Q € Ja € Ja

Therefore selecting € = ¢ shows that

/ C|DrDul? dx < C'/ |f? + | Dul? dz.
Q v
(ii). Since ( = 1 on V, we find
/ |D}Dul? dv < C/ |fI? + |Dul|? dz
v 0

for each k = 1,...,n and all sufficiently small || > 0. Consequently || D" Dul|;2(q) < +o0,
and we recall that this implies Du € H'(V), and so u € H*(V). This is for all V' CC €,
and therefore u € H?_(Q).

loc

:3-3
(iii). Assuming now that u € H}(f2) is a weak solution of and 00 € C? we may
mimic the standard proof for regularity of weak solutions of elliptic PDE up to the bound-
ary to deduce that u € H?(2), with the estimate

ull g2y < C (1 fllz2) + lullmr ) -
Now by since L is uniformly convex (cf. , L is strongly convex, and we have
(DL(Dw) — DL(0)) - Dw > 6| Dw|?
. . . :3-4
for all w € H'(Q). Putting now ¢ = u in the Euler-Lagrange equation @We calculate

/ fudr = / Z L,,(Du)u,, dx
@ =1
= / DL(Du) - Du dx
Q

2/0|Du|2+DL(O)~Du dx
Q

= 0] DullZz () + CllDull11o)

On the other hand, we have by Holder’s inequality and Young’s inequality
flI3 [Jull?
/ Fudz < 1]zl o < | ||L2(Q) |ul L@
o 2 2
Therefore
1 DullZ2 () — lulliz) < ClIf1IZ2q)-

~ - u 2
Choosing now C' > 0 such that C' > 2 <” ”LQ(Q)> shows that
||f||L2(Q)

[ullZ2) + 1DullL2 ) < Clif 2@ + 2llulliz) < Cllfllze@) + CllfL @)

Hence the estimate
ull 1) < Ol fllz2
follows. The proof is complete. O
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Remark. Theorem (@i tells us that any minimizer v € H}() of @%sé actually in H*(Q),
provided th%t oS is sufficiently smooth. We recall here the Sobolev embedding, which can be found
zrﬁ[‘f heorem 6(ii)]:

Let be a bounded open subset of R™, with 9 € C*. Assume also u € WHP(Q). If

k>
p

then u € C*~ 15! 717(Q), where

_ LpJ +1- _’ % ¢ Z,
Any positive number in (0,1), 2 € Z.

We have in addition the estimate

[ull gi-rz1-10 ) < Cllullwes e

()
where the constant C' > 0 depends only on k,p,n,~, and ).
Returning to the case of our minimizer u € H}(Q), we have k = p = 2. Thus if n < 4, then

actually u € C'~517(Q), and
HUH -3y g C||fHL2(Q)

Note in particular that u can have at most one classzcal derivative, and this is only in the one—
dimensional case n = 1.

3.2. Remarks on Higher Regularity. We would like to show that if L is infinitely dif-
ferentiable, then so is u. By analogy with the regularity theory for second-order linear

elliptic PDE, it seems natural to try to extend the H7? (1) estimate from Theorem 0
obtain further estimates in the higher Sobolev spaces Hy; (), for k = 3,4, ..
This method will not work for the nonlinear Euler-Lagrange PDE owever. The

reason is as follows. For linear equations we could, roughly speaking, differentiate the
equation as many times as needed and still obtain a linear PDE of the same general form
as the one we began with. But if we differentiate a nonlinear PDE many times, the result-
ing increasingly complicated expressions quickly become impossible to handle. Much
deeper ideas are called for. We attempt here to give an outline.

To begin, Eho_o§§4a test function w € C°(Q?), choose k € {1,...,n}, nd sef ¢ 1= —wy, in

the identity where for simplicity we now take f = 0. Equation us becomes

— / Z L,,(Du)wy,,, dr =0.
=1

(€2), integration by parts gives

[, D =0 (13 [fezsis

2,7=1

Knowing that u € H?

loc

Next write

U= Uy, (3.14) |{eqg:3-14}
a’ = Ly, (Du), i,j=1,...,n. (3.15) |{eq:3-15}
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:3-13
Fix also any V CC Q. Then @Wcomes

/ Z 9 L)l Wy, dv = 0. (3.16)

i,7=1

After a standard approximation argument, @—lﬁlds for any w € Hj(V). This is to say
that w € H'(V) is a weak solution of the linear second—order elliptic PDE

—Zauw )o;, =0 onV. (3.17)

7,7=1

But we cannot apply standard regularity theory from linear. elliptic PDE to conclude
that u is smooth, the reason being that we can deduce from and only that

a? e L=(V), i,j=1,...,n
On the other hang% a?_(igp theorem due to DeGiorgi, Moser, and Nash, asserts that any

weak solution of is'in fact locally Holder continuous for some exponent o > 0. Thus
if W cC V, we have u € C%(W), and recalling the definition of @ (cf. %ﬁve have
u € €l ().

Return now fo the definition @_ﬁ L € C27(Q), we now know a¥ € C7(Q), i, =

loc loc

1,...,n. Then @_albng with an older theorem of Schauder asserts that in fact
uwe ().

loc
:3-15
But then returning to @Te see that a”/ € C.7 (), and reapplying Schauder’s estimate
implies
u€ C'loc (Sl)

We can continue this bootstrapping argument eventually to deduce that u € C;7(2) for
k=1,..., and thus u € C*(Q).
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4. CONSTRAINTS

In this section we consider applications of the calculus of variations to certain con-
strained minimization problems, that is, minimization problems subject to some given
constraint. In particular, we discuss the role of Lagrange multipliers in the corresponding
Euler-Lagrange PDE.

4.1. Nonlinear Eigenvalue Problems. We first investigate problems with integral con-
straints. Specifically, consider the problem of minimizing the energy functional

I

1
Iw] == 5/Q|Dw\2 dx (4.1) |{eq:4-1

over all functions w with, say, w|sq = 0 but subject now also to the side condition that

Jw] := /QG(w) dxr =0, (4.2) |{eq:4-2}

:4-1
where G : R — R is a given smooth function. Recall that @Ts the functional from
Dirichlet’s principle (cf. Example .
Write g := G'. Assume now that

9(2)| < C(|]z] +1), z€R, (4.3) eq:4

3

—~—
|
—

so that

IG(2)| < C(]z)*+1), zE€R, (4.4) [{eq:4-4}

for some constant C' > 0, for, observe that

—C+

/0|Z g(T)dr

|z
§O+/ C(r+1)dr
0

(=) = \ [ atzya:
|

1 |z]
§C’—|—/20d7‘+/ 20T dt
0 1

= C+2C + Cr?|/
=20+ C|z)* = C(|z)* + 1).
Let us also introduce the appropriate admissible class

A:={we H;j(Q) : Jw] = 0}.
:4-1
Note that we require w € H}(f2) because w|sn = 0 in the trace sense and requires

Dw € L*(92). Suppose also that  C R™ is bounded, open, connected, and has C' smooth
boundary.

Theorem 4.1 (Existence of Constrained Minimizer). Assume that the admissible set A is nonempty.

Then there exists u € A such that
I[u] = min Iw].

weA
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Proof. Set m := inf,c 4 I[w], and choose a minimizing sequence {u;}; > C A such that
Iug] - m ask — +o0.

Noting that {u;};°] is bounded in Hj(f2), we may extract a subsequence {u,} /=5 C
{ux }2 such that
up, — u weakly in Hg(€). (4.5) |{eq:4-5)}

Since F'(s) = s*is a convex function, the Lagrangian L(z, w, Dw) = £|Dw|? is convex, and
thus I[-] is sequentially weakly lower semicontinuous on H; (), so consequently

Tu] < liminf Iuy,] = m.

Jj—+oo

It remains to show that
Jlu] =0, (4.6) |{eq:4-6}

so that u € A. Since weakly convergent sequences are bounded, we have by and the
embedding theorem that either

up, — u in L*(Q)
or
ug, —u in C(Q)
up to a subsequence. In either case, since (2 is bounded,
up, —u in L*(Q) (4.7) [{eq:4-7}

up to a subsequence. Consequently

T(w)] = | J(u) — / Glu) — Gluy)| de
< [ 1C(uP + 1) = C(fus, P + 1)
Q
:C’/ ul® = Juy,|* dx
Q
sc/ﬁ\\ur— g || (ful + o |) de

<C [ =g (ful + ) do.
Q

Therefore an application of Holder’s inequality shows
| ()| < Cllu— gyl 2 lul + Jug || 2@ — 0 as k — +00 4.8) [{eq:4-8)
by (@%mee (Jul + ug,|) € L*(Q). It follows that u € A, so that
Iu] > inf Ifw].

weA

The proof is complete. O
4-1
We now consider the aorreisl%onding Euler-Lagrange equation of @ﬁb]ect to the

given integral constraint
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t4-2| Theorem 4.2 (Lagrange Multiplier). Let u € A satisfy

I[ul :{uneiitl[[w]' (4.9) |{eq:4-9}

Then there exists a real number \ such that

/DU'DU dx:/\/g(u)v dx (4.10) |{eq:4-10}
Q Q
forallv e Hy(Q).

:4-10
Remark. Assuming temporarily that u is smooth, integration by parts in (ﬁ%pllés that

/—(Au)v dx:/Du-Dv d$:)\/g(u)v dx,
Q Q Q

that is, u is a weak solution of the nonlinear BVP
where \ is the Lagrange multiplier corresponding to the integral constraint
Ju] =0. (4.12) [{eq:4-12)
A problem of the form (ﬁ%{% the unknowns u,
(ﬁgi l ; a

A with w # 0 is called a nonlinear eigenvalue
problem. More specifically, we can write S

F(u,\) == Au+ Ag(u).

Note that F depends linearly on X but (possibly) nonlinearly on wu, as here g is any arbitrary
real-valued function. 4-10

The formulation of @W a Lagrange multiplier problem is as follows. Consider the func-
tional

Afw] = I[w] — M[w] = / %\Dw\z CAG(w) da.
Q
Choosing now any smooth function ¢ € C2°(S2) and defining once again the real-valued function
i(1) = Alu+ 7¢],

we look for critical points of i(-). Since u € A is a minimizer of 1, it follows that i'(0) = 0. Direct
calculation shows

i'(T) = o [/Q %|Du + 7D — A\G(u + T7¢) dx]

= /(Dw +7D¢) - Do — Ag(u + 7¢)¢ du.
0
Hence
0=14(0)= / Dw - D¢ — Ag(u)¢ dx,
Q
and noting that this equality holds for all v € H (), we obtain @.—710
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—2
For the proof of Theorem @7 we need to recall the Implicit Function Theorem. Let

n, m be positive integers. We write a typical point in R"*" as

(x,y) == (1, , Ty Y15+ » Ym)

for z € R", y € R™. Now let  C R""™ be an open set and suppose that f : @ — R" is in
C'(Q;R™), and write f = (f',..., f™). Assume that (x¢, yo) € ©, and write 2z := f(z0, vo)-
We next recall the notation for Jacobian matrices and determinants. The gradient matrix

of f is defined by
O 1 oo Opp fY Oy fY oo Oy [
Df = : : : : =
Op [T +or O, [ ay1fm T aymfm
We then define the Jacobian determinant J, f by
Jyf = |det D,f|.

We then get the Implicit Function Theorem.

Theorem (Implicit Function Theorem). Assume that f € C'(Q;R™) and

Jyf(xmyO) # 0.

(Daf, Dyf).

Then there exists an open set U C 2, with (xg,yo) € U, an open set V- C R™, with xy € V, and a

mapping g € C*(V; R™) such that

(i) g(xo) = yo;
(i) f(z,9(x)) =2, z€V;

and

(i) If (x,y) € U and f(x,y) = 2o, theny = g(x
(ii) If f € CF(S;R™), then g € CF(V;R™), k =

Proof.
(). Fix any function v € Hg(£2). Assume first that

g(u) # 0a.e. on .

Then choose any function w € Hj(f2) with

[ stwwds 2o
Q

. . . 4-13 .
noting that such a function w exists because of . Now write

);
2.

j(r,0) = Ju+ 10+ ow|

:/G(u+ﬂ)+aw)dx 1,0 € R.
Q

Clearly
j(0,0) = /QG(U) dx = 0.

In addition, j is C*(R?; R), and the Leibniz integral rule shows

0.j(r,0) = / g(u+ Tv+ ow)v dz,
Q

(4.13) |{eq:4-13}

(4.14) |{eq:4-14)

(4.15) |{eq:4-15}

(4.16) |{eq:4-16}

(4.17) |{eq:4-17}
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O0pj(T,0) = / g(u+ Tv+ ow)w dx. (4.18)
Q
Consequently
9,(0,0) = / g(u)w dz £ 0 (4.19)
Q

(cf. (ﬁf%y the Implicit Function Theorem, there exists a C* function ¢ : R — R such
that
$(0) =0 (4.20)
and
Jj(m¢(r)) =0 (4.21)

for all 7 sufficiently small, say |7| < 7. Differentiating j with respect to 7, we find by the

chain rule

0-5(7, 6(7)) J 7, o7 fg
for all |7| < 7. Since 0,7(0,0) # 0, @ 1/]) and (]4 18) yield
5,50,0) ~  Jgwyw dz

¢/(0) = — (4.22)
(ii). Now set
(1) =Tv+ P(w, |7| <70,
and write

ecia 15 pmes pp A7) = Ilut (T
Recalling from (@.15) and (#.21) that

Ju+9(r)] = Ju+ 7o+ d(t)w] = j(7,6(7)) = 0, [7] <70,

we see that u+1(7) € A. Since u is a minimizer of I[-] and u+v(7) € A with u+w(0) = u,
it follows that the C!(R) function i(-) has a minimum at 7 = 0. Thus

0= i(0) = % [/Q 51Du(e) + () dx] _ diT [/Q $1Du(e) + 7Du(x) + () Du(o)]? d

dx

7=0

/(DU( ) +7Dv(x) + ¢(7) Dw(x)) - (Dv(x) + ¢'(7) Dw(z))

{eq:4-18}

{eq:4-19}

{eq:4-20}

{eq:4-21}

{eq:4-22}

/Du (z) + ¢'(0)Dw(x)) du. (4.23) |{eq:4-23}

Recall now and define

24-23
Thus @_gfves

fQ Du - Dw dx

A= fQ guw)wdr -

O:/Du-Dvda:—i-(b’(O)/Du-Dwd:U
Q Q

ng u)v dx
ng Jw dx

:/Du-Dvd:v—)\/g(u)vd:v.
Q 0

:/Du-Dvdx— /Du-Dwdw
0
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Since v € H{ () was arbitrary, and A does not depend on v, it follows

/Du-Dvdx:/\/g(u)vdx
Q Q

for all v € Hj(Q), as required.
(iii). Suppose now that
g(u)=0 a.e. onf).

Approximating g by bounded functions, we deduce that
D(G(u)) = g(u) Du =0

a.e. Hence, since (2 is connected, G(u) is constant a.e. It follows that G(u) = 0 a.e., because
Ju] = [, G(u) dz = 0, since u € A. Moreover, since u|sq = 0 in the trace sense, it follows
that G(0) = 0. To see this, fix ¢ > 0. Since G is continuous, there exists § > 0 such that for
all [t| < d, we have
|G(t) — G(0)] <e.

Now since ulpn = 0, there exists a function ¢ € C(f) such that ||u — ¢|[g1 o) < d. Let
K := supp(¢), and note that K is compact and £"(Q2 \ K) > 0. We may also assume that
lu(z) — ¢(z)| < e for a.e. z € Q. Thus fora.e. x € Q\ K,

()] = fu(z) — ¢(z)] < 0.
Hence for a.e. x € 2\ K, and we have
G(0)] < |G (u(x)) = GO)] + |G (u(@))] = |G(u(x)) = GO)] <e

Since € > 0 was arbitrary, it follows that G(0) = 0.
But then v = 0 a.e., for otherwise Du is not constant a.e., and thus I[u] > I[0] = 0, and
so u is not a minimizer. Since g(u) = 0 a.e., the identity

/Du-Dvdx:/\/g(u)vdx
Q Q

is trivially valid in this case for any A € R. The proof is complete. O

4.2. Unilateral Constraints. We study now calculus of variations problems with certain
pointwise, one-sided constraints on the values of u(z) for each x € ). For concreteness,
consider the problem of minimizing the energy functional

Iw] = /Q %|Dw|2 — fw dx, (4.24)

among all functions w belonging to the admissible class
A:={we Hj(Q):w > hae. onQ}, (4.25)

where h : Q@ — Risa given smooth function, called the obstacle. Note that A is convex,
and A comprises the functions w € H; (1) satisfying the one-sided, or unilateral constraint
w > h. We suppose as well that f is a given, smooth function.

Theorem 4.3 (Existence of Minimizer). Assume that the admissible set A is nonempty. Then
there exists a unique function u € A such that
I[u] = min Iw].

weA
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Proof.
(i). Set m := inf,c 4 I[w], and choose as usual a minimizing sequence {u;};> C A such
that
Iug] - m ask — +o0.

Noting that L(z,w, Dw) := }|Dw|* — fw satisfies the coercivity inequality

1
Tw] > §||Dw|’%2(n) — w21 f | 220,
:2-5
(cf. @‘ﬁfﬁe previous arguments show that the minimizing sequence {u; };2; is bounded
in H;(€2). Thus there exists a subsequence {uy, };°7 C {uy};2 such that
ur, — u weakly in Hg(€).

Then since L(z,w, Dw) is convex in the third argument, we deduce from previous argu-
ments that /|] is sequentially weakly lower semicontinuous on H;(f2), so therefore

Tu] < liminf Iuy,] = m.
J—+oo
It only remains to show that u > h a.e. By the embedding theorem,
up, — u  strongly in L*(Q)

up to a subsequence. Passing to yet another subsequence if necessary, u;, — u a.e. on 2.
Then, since uy; € A, ux; > ha.e. on{2foreach j=1,2,..., and thusu > ha.e. on Q. It
follows that u € A, and thus

Iu] = liminf I[uy | = inf [w].

j—+o0 J weA

This proves the existence assertion.
(ii). We now prove uniqueness. Assume that u,u € A are two minimizers, with u # w.
Put w := “ and note that w € A. Moreover,

t= o (P57 () e

| o _
:/§(|Du|2+2Du-Du+|Du|2) - <“;“> f da.
Q

Now by the parallelogram law, 2Du - Dt = |Du|?* + |Du|* — |Du — Dul*. Thus

) _
I[w)] :/Qé (2|Dul? + 2| Daf> — |Du — Duif?) — (“;“) fdx

1 1 1 1 1
= —/ ~|Dul* - fudx + —/ ~|Dul* - fu dx — —/ |Du — Dul|? dx
< L [u] + L [u]
p
= inf I[w],
weA
where the strict inequality holds because « # u, a contradiction to v and u being mini-

mizers. The proof is complete. O

We next compute the analogue of the Euler-Lagrange equation, which for this case
turns out to be an inequality.
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Theorem 4.4 (Variational Characterization of Minimizer). Let u € A be the unique solution

of
Iu] = {Unelﬁl[w].
Then
/Du-D(w—u)dmZ/(w—u)fdx (4.26) |{eq:4-26}
Q Q
forallw € A.
The inequality

/Du-D(w—u) dzz/f(w—u)dx
- 4-26 Q Q
in (%Tcalled a variational inequality.
Proof.
(i). Fix any w € A. Then since A is convex, we have for each 0 < 7 < 1 that
(1-—7Tu+Tw=u+7(w—1u) e A
Set
i(1) = Iu+ 7(w — u)],

and note that, since u is a minimizer of I[], i(0) < i(7) for all 0 < 7 < 1. Hence i(-) is
increasing in a neighborhood of 7 = 0, so

i'(0) > 0. (4.27) |{eg:4-27}
(ii). Calculating the derivative (1) explicitly, we find by the Leibniz integral rule
d d

i'(T) = El[u—ﬂ'(w—u)] = [/{2%|Du+7D(w—u)|2—f(u—i-T(w—u)) dz
d

— | [ gIput D= 0P - fu it - ) do
Q

:/Q(Du—i-TD(w—u))-D(w—u)—f(w—u)d$~

] S4-27
In view of P

0 <7(0) —/Du~D(w—u)—f(w—u) dx,
Q
as required. The proof is complete. O

4-27
We obtain the inequality @ﬁce we can in effect take only “one—sided" variations,
away from the constraint. That is, if i'(0) < 0, this would imply that we can find w € A
with 7[w] < I[u], a contradiction to u being a minimizer.

:4-26
Interpretation of the Variational Inequality @7
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